Abstract. In this article, we study the Hilbert scheme of generically non-reduced curves in P 3 . We prove the existence of generically non-reduced curves in P 3 for which there exist infinitesimal deformations of the curve that do not induce deformations of the associated reduced scheme. We show that such infinitesimal deformations contribute to the non-reducedness of the corresponding Hilbert scheme. We introduce the notion of extension of curves and prove that such infinitesimal deformations (such that the associated reduced scheme does not deform) are inherited by the extended curve. Finally, we give examples of extension of curves.
Introduction
Throughout the article the underlying field is C. By a curve (resp. surface) we will mean pure one (resp. two) dimensional closed sub-scheme of P 3 and by an irreducible component of a scheme we mean the definition in [Liu02, §2.4.2]. A classical topic in deformation theory is the study of non-reduced (irreducible) components of Hilbert schemes of smooth curves in P 3 . Mumford in [Mum62] was the first to produce an example of a generically non-reduced component of the Hilbert scheme of smooth curves contained in cubic surfaces in P 3 . This was generalized to the case of smooth curves contained in surfaces of degree less than 6 by Kleppe in [Kle81, Kle85] and by Kleppe and Ottem in [KO15] . It was further extended to the case of smooth curves contained in any degree surfaces in P 3 (see [Dan17] ). In almost all these cases, the generic element of the component (of the Hilbert scheme) corresponds to a smooth curve in P 3 which belongs to a base point free linear system of a non-reduced curve twisted by a multiple of a hyperplane section of a smooth surface containing it. For example, the smooth curve studied by Mumford belongs to a linear system |2l + 4H X | on a cubic surface X, where l is one of the 27 lines on X and H X is a hyperplane section of X. It is natural to ask, if the Hilbert scheme of the corresponding nonreduced curve (without the twist by a multiple of a hyperplane section), is also non-reduced? If so, is there a relation between the singularities of the two Hilbert schemes (one with and the other without the twist by a multiple of the hyperplane section)? Unfortunately, the techniques in the literature cited above, fail if the generic element of the irreducible component of the Hilbert scheme is a non-reduced curve. In particular, the standard techniques that overlap over the literatures, involve explicit computations of the cohomology groups of the normal sheaves of the smooth curves. If the curve is non-reduced, these computations misbehave partly because several results on the vanishing of such cohomology groups fail over non-reduced curves. Furthermore, the Riemann-Roch theorem and Serre duality on locally free sheaves over non-reduced curves is considerably more complicated.
In this article we study non-reduced components of Hilbert schemes of non-reduced curves. We use tools from Hodge theory to bypass the difficulties mentioned before. One of the advantages of our approach is that we are able to reformulate the problem of non-reducedness at a point of the Hilbert scheme, to certain deformation theoretic properties of the curve corresponding to this point. More precisely, we prove under mild assumptions, if there exist first order deformations of the curve such that the associated reduced curve does not deform, then the Hilbert scheme is non-reduced at the point corresponding to the curve (Theorem 5.3). Furthermore, we introduce the notion of "extension of curves", which is a generalization of twisting by a multiple of a hyperplane section. We show that given a non-reduced curve C, if there exist infinitesimal deformations of C such that the associated reduced curve C red does not deform, then the infinitesimal deformations of any extension of C also has the same property (Proposition 5.2). Thereby, we can immediately conclude the non-reducedness of the Hilbert scheme corresponding to the extended curve, without the need for the usual tedious numerical computations.
One of the first results on non-reduced components of Hilbert schemes of curves parametrizing generically non-reduced curves is due to Martin-Deschamps and Perrin in [MDP96] . In their article, they prove the existence of generically non-reduced components parametrizing extremal, generically non-reduced curves in P 3 (see [MDP96, Definition 0 .1] for a definition). Our first goal is to study these components. Fix integers a > 0 and d > a + 6. Let l be a line and C 2 a smooth coplanar curve of degree a (meaning C 2 lies on a plane containing l). Let X be a smooth degree d surface containing l and C 2 . Denote by P the Hilbert polynomial of the effective divisor 2l + C 2 in X. Martin-Deschamps and Perrin proved that there exists an irreducible component L of the Hilbert scheme of curves with Hilbert polynomial P , such that the generic element of L correspond to an effective divisor C g in a smooth degree d surface and is of the form C g := 2l g + C 2,g , where l g is a line and C 2,g is a degree a coplanar curve (see Theorem 4.10). We prove that: Theorem 1.1. For a general point on L, the corresponding curve C g satisfies the property that there exists a first order infinitesimal deformation of C g in P 3 which does not induce a deformation of the associated reduced scheme C g,red .
See Theorem 4.7, Corollary 4.12 and Remark 4.13 for a more general statement.
We then introduce the notion of extension of curves. Roughly, an extension of an effective divisor C contained in a smooth surface X is an effective divisor D in X such that D − C is an effective divisor which intersects C properly and for any first order infinitesimal deformation of C, there exists a first order deformation of D containing it (see Definition 5.1). We prove, Finally, we give an enumerative interpretation to the notion of extension of curves. Let S, T ⊂ P 3 be two disjoint sets of reduced, closed points in P 3 . Fix an integer g ≥ 0. It is a classical question whether there exists a family of curves of genus g passing through S, while avoiding the points in T . This question is widely open. In this article, we consider an infinitesimal version of this question. In particular we ask, does there exist a curve E ⊂ P 3 passing through S, such that for each p ∈ S there exist a first order infinitesimal deformation of E passing through S\{p} and avoiding p? If E satisfies the property in the question, then we say that E is first order S-free. We then prove: Theorem 1.3 (See Theorem 6.5). If the curve E is first order S-free, then for any curve C with C.E ⊂ S, we have C ∪ E is a (simple) extension of C.
We now fix the notations and conventions we will use throughout the article. Notation 1.4. For the rest of this article, a surface will always mean a surface in P 3 and a curve will mean a closed sub-scheme of P 3 of pure dimension 1. Note a curve need not be reduced. Given a closed sub-scheme Y of P 3 , we denote by Y red the associated reduced scheme. We denote by I Y (resp. I(Y )) the ideal sheaf (resp. the ideal ⊕ n∈Z Γ(I Y (n))) of Y in P 3 . The ideal I(Y ) has a natural grading. Denote by I k (Y ) the k-th graded piece of the ideal. Denote by Q d the Hilbert polynomial of a degree d hypersurface in P 3 . Given a morphism f : X → S and a sub-scheme S 0 ⊂ S, denote by X S 0 := f −1 (S 0 ) the fiber over S 0 .
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Preliminaries on Hodge theory and flag Hilbert schemes
We briefly recall the basic definition of flag Hilbert schemes and its tangent space in the setup we will use in this article. See [Ser06, §4.5] for the general statements on this topic.
Definition 2.1. Given an m-tuple of numerical polynomials P(t) = (P 1 (t), P 2 (t), ..., P m (t)), we define the contravariant functor, called the Hilbert flag functor relative to P(t),
Theorem 2.2. The functor F H P(t) is representable by a projective scheme, denoted H P(t) , called the flag Hilbert scheme associated to P(t). In the case m = 1, the tangent space T o H P 1 at a point o ∈ H P 1 , corresponding to a closed sub-scheme X 1 of P 3 , is isomorphic to H 0 (N X 1 | P 3 ). In the case m = 2, the tangent space T o H P 1 ,P 2 at a point o ∈ H P 1 ,P 2 , corresponding to a pair (X 1 , X 2 ) of closed sub-scheme of P 3 , fits into the following Cartesian diagram:
where ρ is the canonical restriction and β is obtained by applying Hom(−, O X 1 ) to the inclusion I X 2 ֒→ I X 1 , followed by the global section functor.
Proof. See [Ser06, §4.5] for a proof of the theorem.
We will work in the following setup.
Setup 2.3. Let X be a smooth degree d surface in P 3 , C, E effective divisors on X satisfying E ≤ C. Denote by P C (resp. P E ) the Hilbert polynomial of C (resp. E).
2.4.
Recall the following short exact sequence of normal sheaves:
which arises from the short exact sequence
after applying Hom P 3 (−, O C ). We get a similar short exact sequence after replacing C by E.
The following diagram relates first order deformations of E to that of C. This diagram plays an important role throughout this article.
Remark 2.5. We have the following commutative diagram:
where ρ C , Υ 2 E≤C and Υ 5 E≤C are restriction morphisms, Υ 6 E≤C is obtained by applying the functor Hom P 3 (−, O E ) followed by the global section functor to the natural morphism I C ֒→ I E , Υ 1 E≤C (resp. β C ) arises from the short exact sequence (2.2). The two Cartesian diagrams follow from the theory of flag Hilbert schemes (see Theorem 2.2).
Let us now study some of the basic properties of this diagram. These will be used throughout this article. We first recall the following useful lemma:
In particular, dim |C| = 0 where |C| is the linear system associated to C.
Lemma 2.7. Let d ≥ deg(C) + 4. We have the following:
E≤C is the same as the morphism β E from H 0 (N E| P 3 ) to H 0 (N X| P 3 ⊗ O E ) arising from the short exact sequence (2.2) (replace C by E), (2) Υ 2 E≤C • ρ C is the same as the natural restriction morphism ρ E from H 0 (N X| P 3 ) to
E≤C is injective, (4) the fiber of the projection morphism from H P E ,P C to H P C over any closed reduced point is a discrete set of closed reduced points, (5) the morphism β C is injective, (6) the morphism Υ 1 C red ≤C is injective. Moreover, for any reduced curve E ≤ C red , we have
Proof. The proof of (1) and (2) follows directly from definition. It follows from (1) that the kernel of Υ 1 E≤C • Υ 6 E≤C is H 0 (N E|X ). Lemma 2.6 implies that h 0 (N E|X ) = 0. Therefore, Υ 1 E≤C • Υ 6 E≤C is injective, hence Υ 6 E≤C is injective. This proves (3). Note that the tangent space at (E, C) to the fiber of H P E ,P C is the kernel of the natural projection morphism T (E,C) H P E ,P C → T C H P C . It follows from the diagram (2.4) this is isomorphic to ker Υ 6 E≤C . But (3) implies ker Υ 6 E≤C = 0. Hence, the fiber of the projection morphism from H P E ,P C to H P C over any closed reduced point is zero dimensional and reduced. This proves (4).
Since the morphism β C is induced by the short exact sequence (2.2), the kernel of β C is H 0 (N C|X ), the vanishing of which follows from Lemma 2.6. This proves (5).
Consider the long exact sequence of the following short exact sequence:
obtained by pulling back to C red the short exact sequence (2.2). Then the kernel of the map
We show that the degree of the line bundle N C|X ⊗ O C red restricted to each of the components is negative. This would mean there do not exist global sections on any of the irreducible components, hence not on C red . We can write C = r i=1 a i C i in Div(X) with C i = C j for i = j and C i integral. It suffices to prove this for C 1 . Note that
which follows from the fact that C i .C 1 ≤ deg(C 1 ) deg(C i ) for i = 1 and the adjunction formula applied to C 2 1 . Using the degree assumption on d and the bound on the arithmetic genus of an integral curve in P 3 we then get
which is clearly less than zero since a i ≥ 1 for all i. Hence, h 0 (N C|X ⊗ O C red ) = 0. This proves the first part of (6).
The second part is a direct consequence of the proof of the first part. In particular, we see that for any irreducible component of C red there does not exist a global section of the restriction of N C|X to this component. So, for any
Pulling back the short exact sequence (2.2) to E, one can observe as before that ker
E≤C is injective. This proves (6) and hence the lemma.
We now recall the basics of Hodge theory, again restricting to the situation relevant for this article. See [Voi03, §5] for a detailed study of this subject.
) the open sub-scheme parametrizing smooth projective hypersurfaces in P 3 of degree d. Denote by Q d the Hilbert polynomial of degree d surfaces in P 3 . Let π : X → U d be the corresponding universal family. For a given u ∈ U d , denote by X u the surface X u := π −1 (u). Fix a closed point o ∈ U d , denote by X := X o and consider a simply connected neighbourhood U of o in U d (in the analytic topology). Definition 2.9. As U is simply connected, π| π −1 (U ) induces a variation of Hodge structure (H 2 , ∇) on U where H 2 := R 2 π * Z ⊗ O U and ∇ is the Gauss-Manin connection. Note that H 2 defines a local system on U whose fiber over a point u ∈ U is H 2 (X u , C). Consider a non-zero
. This defines a flat section γ ∈ Γ(U, H 2 ) which takes the value γ 0 at the point o ∈ U . Recall, there exists a sub-bundle F 2 H 2 ⊂ H 2 , which for any u ∈ U , can be identified with the Hodge filtration
where γ u denotes the value at u of the section γ. One can check that the Hodge locus NL(γ 0 ) does not depend on the choice of the section γ.
Lemma 2.10 ([Voi03, Lemma 5.13]). There is a natural analytic scheme structure on NL(γ 0 ) (closure in U d in the Zariski topology).
Remark 2.11. We now discuss the tangent space to the Hodge locus NL(γ 0 ). We know that the tangent space to U at o, T o U is isomorphic to H 0 (N X| P 3 ). This is because U is an open sub-scheme of the Hilbert scheme H Q d , the tangent space of which at the point o is simply H 0 (N X| P 3 ). Given the variation of Hodge structure above, we have (by Griffith's transversality) the differential map:
induced by the Gauss-Manin connection. Given γ 0 ∈ H 1,1 (X) this induces a morphism, denoted
We now discuss the semi-regularity map first introduced by Kodaira-Spencer in the case of divisors and then generalized to any local complete intersection sub-schemes by Bloch. The purpose of this map is to study certain aspects of the variational Hodge conjecture. We consider the cohomology class γ of a curve C in a smooth degree d surface X in P 3 . We see that the differential map ∇(γ) factors through the semi-regularity map (see Theorem 2.15). Using this description, we are able to identify a subspace of T o NL(γ) parametrizing first order deformations X ′ of X such that C deforms to a local complete intersection sub-scheme of X ′ (see Corollary 2.16).
We start with the definition of a semi-regular curve.
Definition 2.13. Let X be a smooth surface and C ⊂ X a curve in X. Consider the natural short exact sequence:
The semi-regularity map π C is the boundary map from H 1 (N C|X ) to H 2 (O X ), coming from this short exact sequence. We say that C is semi-regular in X if π C is injective.
The following lemma gives a criterion for C to be semi-regular.
Lemma 2.14 ([Dan17, Lemma 5.2]). Let C be a reduced curve and X a smooth degree d surface containing
We then have the following results on the tangent space of the Hodge locus.
Theorem 2.15 ([Dan17, Theorem 3.6]). Let X be a smooth degree d surface and C a curve in X. Let γ = [C] ∈ H 1,1 (X, Z), be the cohomology class of C. We then have the following commutative diagram
where the horizontal bottom row is the exact sequence associated to (2.2), π C is the semiregularity map and ρ C is the natural pull-back morphism. 
Furthermore if C is semi-regular, then we have equality
The following corollary tells us for which first order deformations of X, the cohomology classes [C] and [E] remain Hodge.
The first part of the corollary then follows from Corollary 2.16. By Lemma 2.14, C is semi-regular. Corollary 2.16 implies that t ∈ (ρ C ) −1 (Im β C ) if and only if ∇([C])(t) = 0. This proves the corollary.
Hilbert schemes of non-reduced curves
Fix the Hilbert polynomial P of a curve in P 3 . The aim of this section is to study certain topological aspects of the corresponding Hilbert scheme of curves H P . Let L be an irreducible component of H P . We first prove that there exists a Hilbert polynomial P r such that every curve D ∈ L contains a sub-curve D ′ ⊂ D with Hilbert polynomial P r and for a general curve D ∈ L (i.e., D lies outside finitely many proper closed subsets of L), D red is of Hilbert polynomial P r .
Proposition 3.1. Let L be an irreducible component of H P . There exists a Hilbert polynomial P r of a curve in P 3 and an irreducible component L r of H Pr,P such that:
(1) the natural projection pr 2 maps L r surjectively (as topological spaces) to L, (2) for any u ∈ L r , the corresponding pair
Furthermore, the choice of P r and L r satisfying the three properties is unique.
is flat. Then [Har77, Theorem III.9.9] implies that every fiber of π| π −1 (U ) has the same Hilbert polynomials, say P r .
Denote by C ′ U := π −1 (U ) and
is reduced (reducedness is preserved under flat base change in char. 0). Since C ′ U and C U are flat over U with fiberwise Hilbert polynomials P r and P , respectively, there exists an unique morphism φ U : U → H Pr,P such that the pull-back of the universal family over H Pr,P to U is isomorphic to the pair (C ′ U , C U ). Let L r be an irreducible component of H Pr,P containing φ U (η U ). The uniqueness of φ U implies that pr 2 •φ U is identify on U . In particular, pr 2 •φ U (η U ) = η U . Since pr 2 is proper, we have that pr 2 (L r ) is an irreducible, closed sub-scheme of H P,red containing η U . As η U is the geometric generic point of L red , we conclude that pr 2 (L r ) red = L red i.e., condition (1) is satisfied.
Note that geometric reducedness is an open property (see [Gro66, Theorem 12.2.4]). Hence, there exists a non-empty open neighbourhood
is geometrically reduced i.e., condition (3) is satisfied. We now prove condition (2). Denote by (C ′ Lr , C Lr ) the universal family on L r and π r : C Lr → L r the natural morphism. Since π r is a flat morphism of finite type between noetherian schemes, [Har77, Ex. III.9.1] implies that π r is open. Hence,
i.e., C u,red is of Hilbert polynomial P r . Therefore, for all v ∈ pr −1
and the Hilbert polynomial of C v,red is P r (the first inclusion follows from C ′ v being reduced). This implies for all v ∈ pr −1
Since L r is irreducible and pr (2) is satisfied. This proves the first part of the proposition. We now prove uniqueness.
Note that the choice of P r is unique by property (3), as the Hilbert polynomial of C g,red for a general curve C g ∈ L is P r . We now prove the uniqueness of L r . In particular, if L ′ r is another irreducible component of H Pr,P which maps surjectively to L and contains a point of the form
, which is open, dense in both L r and L ′ r , namely the set of points v in L and L ′ of the form (C v,red , C v ). This implies that L ′ r = L r . This proves the proposition.
Definition 3.2. Let C be a curve in P 3 . We say that C is d-embeddable if there exists a smooth degree d surface X in P 3 containing C. The pair (C, X) is called a d-embedded curve. The Hilbert polynomial of the d-embedded curve (C, X) is defined to be the Hilbert polynomial of C.
The following lemma will play an important role in the proof of Theorem 3.8 later.
Lemma 3.3. Let C be a d-embeddable curve with Hilbert polynomial P . For any smooth degree d surface X containing C red there exists a curve D ⊂ X with Hilbert polynomial P and
Proof. Let X be a smooth degree d surface containing C and C = i a i C i for a i > 0 and C i integral curves. Clearly, deg(C) does not depend on the surface containing it. If Y is another smooth degree d surface containing C red , then the arithmetic genus of the divisor i a i C i of Y is the same as that of C (use the adjunction formula). This proves the lemma.
Recall, the following result on Castelnuovo-Mumford regularity:
Theorem 3.4. Let C be a reduced curve in P 3 of degree e. Then C is e-regular.
Proof. If C is connected, then it is e-regular ([Gia06, Main Theorem]). Note that [Sid02, Theorem 1.8] states that for homogeneous ideals I, J in some polynomial ring, the regularity of I.J is at most the sum of the regularity of I and J. This implies that if C = C 1 ∪ ... ∪ C n and C i are the connected components, then the regularity of the ideal of C is at most the sum of the regularity of the ideals of C i for i = 1, ..., n. The theorem then follows.
Lemma 3.5. Let C be a d-embeddable curve for some d ≥ deg(C red ) + 4 and P r be the Hilbert polynomial of C red . Then C red is the only sub-curve of C with Hilbert polynomial P r .
Proof. Let X be a smooth degree d surface containing C. Then C is of the form r i=1 a i C i for some r > 0, a i > 0 and C i integral curves. Let C ′ be a sub-curve of C with Hilbert polynomial
By the adjunction formula and the assumption on d, we have
Note that the arithmetic genus of C i is bounded above by the arithmetic genus of a complete intersection curve of degree deg(
we then obtain
Notations/Remark 3.7. Fix an integer d > 0. Let L ⊂ H P be an irreducible component of H P such that a general element of L is a d-embeddable curve. Let P r and L r be as in Proposition 3.1. Then a general element of L r is of the form (C g,red , C g ). The fiber over the generic point (C g,red , C g ) of L r to the morphism (123 → 12) is isomorphic to P(I d (C g )) (i.e., the space of degree d surfaces containing C g ). Since P(I d (C g )) is irreducible, there exists an unique irreducible component L rs of H N which maps surjectively (as topological spaces) to L r via the morphism (123 → 12).
We now prove the main theorem of this section. The dimension computation in the theorem plays an important role in the proof of Theorems 4.7 and 5.5.
Proof. Let L rs be the irreducible component of H N mentioned in Notations/Remark 3.7. Since (123 → 12)| Lrs maps surjectively to L r , we have
Lrs (u)). Lrs (C g,red )) ∼ = P (I d (C g,red ) ). By Theorem 3.4, the Castelnuovo-Mumford regularity of C g,red is deg (C g,red ) . Since d ≥ deg(C)+ 4, we therefore have dim P(I d (C g,red )) = P r (d) − 1 (the Hilbert polynomial of C g,red is P r ). Lrs (u). Then the induced natural morphism (13 → 1)| T 0 : T 0 → T 1 is dominant. Since C g,red is a general element of T 1 , the observation above can be rewritten as: the generic fiber of (13 → 1)| T 0 is of dimension P r (d) − 1. By the upper semicontinuity of fiber dimension, this implies
(u), we have X u,g is a smooth, degree d surface containing C ′ u . Using the adjunction formula, one can check that there are finitely many curves D in X u,g with Hilbert polynomial P and D red ∼ = C ′ u . This implies that the generic fiber of (123
) parametrizes all degree d surfaces containing C u,g . In other words, the generic fiber of (123 → 12)| F is isomorphic to P(I d (C u,g )). Hence, (3.1) implies that
which is equal to dim
). We will now prove the second equality. This is equivalent to proving dim P(I d (C u,g )) equals dim P(I d (C g )). By the upper semicontinuity of fiber dimension, we know dim
Using the same arguments as before, one can check that
By (3.2) and the upper semicontinuity of fiber dimension, we then have
This gives the reverse inequality, dim P( C u,g ) ). This proves the theorem.
infinitesimal deformation of non-reduced curves
In this section we show that the curves studied by Martin-Deschamps and Perrin (see Theorem 4.10) have an interesting deformation theoretic property: there exists an infinitesimal deformation of such a curve such that the associated reduced scheme does not deform (see Corollary 4.12 and Remark 4.13). To prove this we first give a general criterion under which a d-embeddable curve of the form 2C 1 + C 2 , for C 1 , C 2 reduced curves, satisfy this property (see Theorem 4.7). We prove in Corollary 4.12 that the curves in Theorem 4.10 satisfy this criterion.
Setup 4.1. Let C 1 , C 2 be two reduced curves in P 3 without common components and X a smooth degree d surface in P 3 containing C 1 ∪ C 2 for some d ≥ 2 deg(C 1 ) + deg(C 2 ) + 4. Denote by C the effective divisor in X of the form 2C 1 + C 2 . Denote by P 1 (resp. P, P r ) the Hilbert polynomial of C 1 (resp. C, C red ). We use notations as in Notation 3.6. Note that (C, X) is first order d-embedded if for every first order deformation C ′ of C there exists a first order deformation X ′ of X such that C ′ ⊂ X ′ . Recall the following useful result: The following lemma states that if (C, X) is a first order d-embedded curve and there exists a first order deformation C ξ of C containing a first order deformation C ′ ξ of C red , then C ′ ξ also contains a first order deformation of C 1 . The proof of this statement uses the R-linearity of the Gauss-Manin connection.
where pr 1 : T (C red ,C) H Pr,P → T C red H Pr and pr 2 :
Proof. Given (ξ 1 , ξ 2 ) ∈ T (C red ,C) H Pr,P , we are going to show that there exist
C red ≤C (ξ 1 ). Using Lemma 2.7 we conclude, 
Using Lemma 2.7(6), we can conclude that Υ 1
Hence, (ξ ′ , ξ 1 ) ∈ T (C 1 ,C red ) H P 1 ,Pr . This completes the proof of the lemma.
Proposition 4.6. If (C, X) is first order d-embedded, then the fiber over C red to the morphism (12 → 1) : H Pr,P → H Pr is smooth at the point (C red , C). In particular,
Proof. Lemma 2.7(3) implies that Υ 6 C red ≤C is injective. So, the tangent space to the fiber at (C red , C), T (C red ,C) ((12 → 1) −1 (C red )), is isomorphic to the kernel of Υ 5 C red ≤C . Lemma 2.7(5, 6) imply that Υ 1 C red ≤C and β C are injective. So, dim ker Υ 5 C red ≤C equals dim β C (ker Υ 5 C red ≤C ) and ker Υ 5
, by Corollary 4.3 we have ker
Conversely, Theorem 3.8 implies that
C red ≤C . Using the inequality (4.2) we therefore conclude
Hence, the fiber is smooth at the point (C red , C). This proves the proposition.
Theorem 4.7. Consider the following setup:
(1) (C, X) as before is first order d-embedded and there exists an irreducible component L of H P containing C such that a general element C g of L is d-embeddable and the Hilbert polynomial of C g,red is P r , (2) let L r be the irreducible component of H Pr,P , as in Proposition 3.1, containing the point corresponding to (C red , C) and mapping surjectively to L via the morphism (12 → 2), (3) there exists an irreducible component, say L 0 of H P 1 ,Pr such that L 0 is smooth at (C 1 , C red ) and pr 2 (L 0 ) red is contained in (12 → 1)(L r ) red , where pr 2 is the natural projection map from H P 1 ,Pr to H Pr .
Then L r is smooth at (C red , C) and dim pr 2 L 0 = dim(12 → 1)L r .
Proof. By Lemma 2.7(3), we have Υ 6
By Proposition 4.6, we have dim ker Υ 5
(4.4) By Proposition 3.1, a general element C ′ g ∈ (12 → 1)(L r ) is reduced, hence d-regular by Theorem 3.4. This implies dim
). Using Theorem 3.8, we then conclude that dim(12 → 1) −1 (C red ) = dim(12 → 1) −1 (C ′ g ). Now, dim L 0 = dim pr 2 L 0 because the fiber of pr 2 is zero dimensional (there are only finitely many curves with Hilbert polynomial P 1 in C red ). Finally, we have
Since the dimension of the tangent space of a scheme at a point is at least equal to the dimension of the scheme at that point, we have
This proves the theorem.
We now give an example of C 1 and C satisfying the last hypothesis of Theorem 4.7. This will be used in the proof of Corollary 4.12.
Lemma 4.8. Let l be a line and C 2 a smooth coplanar curve (on a plane containing l) such that #{l ∩ C 2 } < ∞. Denote by P 1 (resp. P r ) the Hilbert polynomial of l (resp. l ∪ C 2 ). Then H P 1 ,Pr is smooth at (l, l ∪ C 2 ).
Proof. Consider the projection map pr 1 : H P 1 ,Pr → H P 1 . Note that the dimension of the fiber over a line l 0 to pr 1 is equal to dim P(H 0 (O P 2 (deg(C 2 )))) + 1, where the first term is the dimension of the space of degree deg(C 2 ) curves on a plane containing l 0 and the second term is the dimension of the space of planes in P 3 containing l 0 . Since l 0 ∈ H P 1 is arbitrary and pr 1 is surjective, dim H P 1 ,Pr = dim P(O P 2 (deg(C 2 ))) + 1 + dim H P 1 .
Since l and l ∪ C 2 are complete intersection curves in P 3 ,
and by [Har77, Ex. III.5.5] the natural morphism from
is surjective. Hence, the dimension of the tangent space T (l,l∪C 2 ) H P 1 ,Pr is equal to
The homogeneous ideal of l ∪ C 2 (resp. l) contains one (resp. two) linearly independent linear polynomials. So, h 0 (O l∪C 2 (1)) = h 0 (O l (1)) + 1. Note then that the dimension of ker Υ 5 l≤l∪C 2 is equal to h 0 (O l∪C 2 (deg(C 2 ) + 1)) − h 0 (O l (deg(C 2 ) + 1)) + 1. Since l ∪ C 2 and l are t-regular (Theorem 3.4), one can use their Hilbert polynomials to prove that
which is equal to dim P(O P 2 (deg(C 2 ))) + 1. Since H P 1 is smooth and irreducible (Hilbert scheme parametrizing lines in P 3 ), we have
Pr . This proves the lemma.
We now recall the classical example of Martin-Deschamps and Perrin.
Notation 4.9. Let a, d be positive integers, d ≥ 5 and a > 0. Let X be a smooth projective surface of degree d containing a line l and a smooth coplanar curve C 2 of degree a. Let C be a divisor of the form 2l + C 2 in X. Denote by P (resp. P r ) the Hilbert polynomial of C (resp. C red ). Definition 4.11. Given a scheme X and a point x ∈ X, we say that x is weakly general if x is contained in an unique irreducible component of X.
In the following corollary we see that the examples in Theorem 4.10 satisfy the hypotheses in Theorem 4.7.
Corollary 4.12. Notations as in 4.9 and Theorem 4.10. Let L r be the irreducible component of H Pr,P , as in Proposition 3.1, mapping surjectively to L. If (C red , C) correspond to a weakly general point on H Pr,P , then L r is smooth at this point. In particular, there exists
Proof. Using Theorem 4.7 it suffices to show that (C, X) is first order d-embedded, there exists an irreducible component, Recall, L is non-reduced at the point corresponding to C. Since L r is reduced, (12 → 2)(L r ) is reduced at the point corresponding to C (scheme-theoretic image of a reduced scheme is reduced). This means that there exists ξ 0 ∈ H 0 (N C| P 3 ) not contained in the image of the projection map from T (C red ,C) H Pr,P to T C H P . In particular, Υ 5 C red ≤C (ξ 0 ) ∈ Im Υ 6 C red ≤C . This proves the rest of the corollary.
Remark 4.13. Note that Υ 5 C red ≤C (ξ 0 ) ∈ Im Υ 6 C red ≤C , in Corollary 4.12, means that there exists a first order deformation of C such that C red does not deform.
Extension of curves and induced non-reducedness
In the previous section we gave examples of d-embeddable curves under which there exists an infinitesimal deformation of the curve such that the associated reduced scheme does not deform. In this section we introduce "extension of curves". We observe that if D and C are d-embeddable curves with D an extension of C and there exists an infinitesimal deformation of C such that C red does not deform, then there exists an infinitesimal deformation of D such that D red does not deform (see Proposition 5.2). We use this to see under certain conditions, the Hilbert scheme containing D is non-reduced (see Theorem 5.3).
Definition 5.1. Let (C, X) and (D, X) be two d-embedded curves. We say that (D, X) is a simple extension of (C, X) if it satisfies the following conditions:
(1) D c := D − C is of the form nC ′ for some positive integer n, C ′ ⊂ X reduced curve and C ′ ∩ C red consists of finitely many points, (2) The image of Υ 6 C≤D is contained in the image of Υ 5 C≤D .
We say that (D, X) is an extension of (C, X) if there exists a sequence
Proof. Suppose that there exists a chain
Suppose not i.e., there exists some i ∈ {0, ..., n} and
where the last equality follows from Lemma 2.7. But this contradicts the assumption on
. Proceeding recursively, we get a contradiction to Im
Since (C i , X) is a simple extension of (C i−1 , X), there exists
Using the diagram 2.4 we observe that
where the last equality follows from Lemma 2.7. Hence by Corollary 2.17,
In other words,
) and i = 0, ..., n.
for some a i−1 positive integer and C ′ i−1 reduced curve for i = 1, ..., n. Then we conclude
Since C ′ i−1 ∩ C i−1,red consists of finitely many points,
(5.1)
Then Corollary 2.17 implies 
This proves the proposition.
The following theorem states that such an infinitesimal deformation ξ gives rise to a singularity on the corresponding Hilbert scheme.
Theorem 5.3. Let (C, X) be as in Proposition 5.2 and (D, X) an extension of (C, X). Denote by P Dr (resp. P D ) the Hilbert polynomial of D red (resp. D). Suppose further that (D, X) satisfies the following conditions: 
Proof. Replace in Notation 3.6, P r by P Dr , P by P D . By Proposition 3.1, there exists an irreducible component L r of 
Proposition 5.2 implies
Since the fiber to (12 → 2)| Lr is zero dimensional over every point (finitely many sub-curves of a fixed Hilbert polynomial in a fixed curve), we have dim L r = dim L. Using the diagram (2.4) and the fact that C is weakly general, we then have
This proves the first part of the theorem.
Suppose now that a general element of L is d-embeddable. This means that there exists an open subset U ⊂ L such that for all u ∈ U , the corresponding curve D u is d-embeddable. Assume that U is reduced. Denote by U ′ := (12 → 2)| −1
Lr (U ). Then Lemma 3.5 implies that the for all u ∈ U , (12 → 2)|
−1
Lr is a reduced point, corresponding to the pair (D u,red , D u ). In particular, every fiber over U has the same Hilbert polynomial. Hence the morphism (12 → 2)| U ′ is flat ([Har77, Theorem III.9.9]) and proper (base change of proper morphisms is proper). Since every fiber of (12 → 2)| U ′ is smooth of relative dimension zero, [Har77, Ex. III. 10.3] implies that the morphism (12 → 2)| U ′ isétale. Now,étale morphisms induce surjection of tangent spaces i.e., pr 2 : D) L r before. So, U cannot be reduced. This proves the remaining theorem.
Example 5.4. Let L be as in Theorem 4.10 and (C, X) a d-embedded curve corresponding to a weakly general point on L. By Corollary 4.12, there exists ξ 0 ∈ H 0 (N C| P 3 ) such that Υ 5 C red ≤C (ξ 0 ) ∈ Im Υ 6 C red ≤C . Let (D, X) be an extension of (C, X) and satisfying the conditions For the sake of completeness we consider the case when a general element of L is not first order d-embedded. We see that in this case as well we get non-reducedness of L. 
In other words, for all u ∈ U , the fiber pr 
Applications
In this section, we give a criterion to extend d-embeddable curves (see Theorem 6.3). We use this to produce examples of extension of curves (see Example 6.4). Finally, we relate the problem of extending curves to finding families of curves passing through a set of points and avoiding another prescribed set of points (see Theorem 6.5).
Definition 6.1. Let (E, X) be a d-embedded curve and S ⊂ E a finite set of reduced, closed points. For any p ∈ S, denote by S p := S\{p}. Consider the natural morphism:
where the last morphism r p arises after pulling back to O p the normal short exact (2.2).
We say that (E, X) is first order S-free if for each point p ∈ S, there exists an element ξ p ∈ H 0 (N E| P 3 ) such that r c p (ξ p ) = 0 and r p (ξ p ) = 0.
Remark 6.2. Note that (E, X) is first order S-free implies that for every p ∈ S, there exists a first order deformation
This follows directly from the relation between the ideal of E ′ p in P 3 × Spec(C[t]/(t 2 )) and the corresponding element ξ p ∈ H 0 (N E| P 3 ) as described in [Har10, Theorem 2.4].
Theorem 6.3. Let (C, X) be a d-embedded curve and D c an effective divisor of X. Suppose D c is an integral multiple of a reduced divisor of X. Denote by r C and r D c the restriction morphisms,
where the first morphism for both r C and r D c are canonical restrictions and the second morphism arises as the restriction to O C.D c of the normal exact sequence (2.2). If Im(r C ) ⊂ Im(r D c ), then (C ∪ D c , X) is a simple extension of (C, X).
Proof. Denote by D := C ∪ D c . We simply need to prove that if Im(r C ) ⊂ Im(r D c ), then Im Υ 6 C≤D ⊂ Im Υ 5 C≤D . Consider the short exact sequence:
where, over any open subset U ⊂ D,
Consider the natural composed morphisms:
where the first morphism arises from the normal short exact sequence (2.2) and the second morphism is induced by ρ 2 . Tensoring (6.1) by N D| P 3 and taking global sections, we get the following diagram:
2) where r arises from pulling back (2.2) to O C.D c . We claim that the right hand square is commutative and the restriction of r to ρ ′ 2 (Im(Υ 6 C≤D ⊕ Υ 6 D c ≤D )) is injective. Let ξ 0 ∈ H 0 (N C| P 3 ) and ξ 1 ∈ H 0 (N D c | P 3 ). Then ξ 0 and ξ 1 correspond to O P 3 -linear homomorphisms:
ξ 0 : I C → O C and ξ 1 : I D c → O D c respectively. Note that C and D c are local complete intersection in X. Hence, for any x ∈ C.D c , there exists a small enough open neighbourhood U x of x in P 3 and f x , g x ∈ O P 3 (U x ) such that I C,x (resp. I D c ,x ) is generated by f x and F x (resp. g x and F x ), where F x is a regular function defining X ∩ U x in U x . Note that I D,x (resp. I C.D,x ) is generated by F x and f x g x (resp. F x , f x and g x ), as an O P 3 ,x -module. Then −−→ O D c ,x sends F x to ξ 1,x (F x ) and f x g x to ξ 1,x (f x g x ) = f x ξ 1,x (g x ).
Since f x , g x ∈ I C.D,x , observe that Since ξ ∈ H 0 (N C| P 3 ) is arbitrary, we conclude that Im Υ 6 C≤D ⊂ Im Υ 5 C≤D . This proves the theorem.
Example 6.4. Notations as in Theorem 6.3. Suppose that the canonical restriction
is surjective (for example, if C.D c is a reduced, closed point). Then (C ∪ D c , X) is a simple extension of (C, X). Indeed, by Theorem 6.3, it suffices to prove that r D c is surjective. Consider, the following commutative diagram:
where the first two vertical maps (resp. a) are induced by the natural morphism from T P 3 ⊗ O D c (resp. T P 3 ⊗ O X ) to N D c | P 3 (resp. N X| P 3 ) and the bottom horizontal row is simply r D c . Note that the morphism a is surjective (pull-back functor is right exact). Hence, the top row of the diagram is surjective. By the commutativity of the diagram this implies r D c is surjective. This proves our claim.
In the case D c is non-singular, then using Grothendieck vanishing theorem and [Har77, Theorem II. Theorem 6.5. Let (E, X) be a d-embedded curve. Suppose that E is integral. Let S ⊂ E be a finite set of closed points on E. If E is first order S-free, then for any d-embedded curve (C, X) in X satisfying C.E ⊂ S, the curve C ∪ E is a simple extension of C. In particular, if there exists a d-embedded curve (C, X) in X such that (C ∪ E, X) is not a simple extension of (C, X), then E is not first order S-free for any S containing C.E.
Proof. Let us first consider the case that E is first order S-free. Since H 0 (N X| P 3 ⊗ O p ) ∼ = C for any p ∈ S, it follows from definition that the natural morphism,
In particular, the sections {r S (ξ p )} p∈S generate H 0 (N X| P 3 ⊗ O S ). Then Theorem 6.3 implies that for any d-embedded curve (C, X) in X satisfying C.E ⊂ S, the curve (C ∪ E, X) is a simple extension of (C, X). This proves the first part of the theorem.
We now prove the second part of the theorem, by contradiction. Suppose that E is first order S-free for some S containing C.E. As in the proof of the first part, this means the natural morphism H 0 (N E| P 3 ) r S −→ H 0 (N X| P 3 ⊗ O S ) is surjective.
Hence, the composed morphism
By Theorem 6.3 this implies (C ∪ E, X) is a simple extension of (C, X), which contradicts our hypothesis. Hence, E cannot be first order S-free for any S containing C.E. This proves the theorem.
